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BOUNDED AND INVERTIBLE TOEPLITZ PRODUCTS ON
VECTOR WEIGHTED BERGMAN SPACES OF THE
POLYDISC
BENOIˆT F. SEHBA
Abstract. We characterize bounded and invertible Toeplitz products
on vector weighted Bergman spaces of the unit polydisc. For our pur-
pose, we will need the notion of Be´kolle´-Bonami weights in several pa-
rameters.
1. Introduction
Let us denote by dν the normalized Lebesgue measure on the unit disc
D of C. For α > −1, we denote by dνα the normalized Lebesgue mea-
sure dνα(z) = cα(1 − |z|
2)αdν(z), cα being the normalizing constant. The
weighted Bergman space Apα(D) is the space of holomorphic functions f such
that
||f ||p
Apα
:=
∫
D
|f(z)|pdνα(z) <∞.
The Bergman space A2α(D) is a reproducing kernel Hilbert space with
kernel Kαw(z) = K
α(w, z) = 1
(1−wz)2+α
. That is for any f ∈ A2α(D), the
following representation holds
(1) f(w) = Pαf(w) = 〈f,K
α
w〉α =
∫
D
f(z)Kα(w, z)dνα(z), w ∈ D.
For f ∈ L2(D, dνα), we can densely define the Toeplitz operator Tf with
symbol f on A2α(D) as follows
(2) Tf (g) = Pα(Mf )(g) = Pα(fg)
where Mf is the multiplication operator by f . The Berezin transform is the
operator defined on L1(D, dνα) by
Bα(f)(w) =
∫
D
f(z)|kαw(z)|
2dvα(z)
where kαw is the normalized reproducing kernel of A
2
α(D).
Invertible and bounded Toeplitz products have been first obtained for the
Hilbert-Bergman space A2α(D) by K. Stroethoff and D. Zheng in [8]. They
proved the following.
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THEOREM 1.1 (K. Stroethoff and D. Zheng [8]). Given f, g ∈ A2α(D),
−1 < α < ∞, the product TfTg is bounded and invertible on A
2
α(D) if and
only if
(3) inf
w∈D
|f(w)||g(w)| > 0
and
(4) sup
w∈D
(
Bα(|f |
2)(w)
)1/2 (
Bα(|g|
2)(w)
)1/2
= sup
w∈D
‖fkαw‖2,α‖gk
α
w‖2,α <∞.
The above result was recently extended to the unit polydisc by Z. Sun and
Y. Lu in [5]. In [4], J. Isralowitz extended Theorem 1.1 to all Apα(D) using
among others a result of J. Miao [6] and Be´kolle´-Bonami weights. More
precisely, he proved the following result.
THEOREM 1.2 (J. Isralowitz [4]). Let 1 < p, q < ∞, p = q(p − 1) and
−1 < α < ∞. Given f ∈ Apα(D) and g ∈ A
q
α(D), the product TfTg is
bounded and invertible on Apα(D) if and only if
(5) inf
w∈D
|f(w)||g(w)| > 0
and
(6) sup
w∈D
Bα(|f (k
α
w)
1− 2
p |p)(w)Bα(|g (k
α
w)
1− 2
p |p)(w) <∞.
Our aim in this paper is to extend the above result to the polydisc. Our
motivation comes from the current and growing research activity on weighted
norm inequalities for the Bergman projection and their application to some
other operators as Toeplitz products.
2. Statement of the result
We recall that Dn is the unit polydisc, where D is the unit disc of C. For
any two points z = (z1, · · · , zn) and w = (w1, · · · , wn) in C
n, we write
〈z, w〉 = z1w¯1 + · · ·+ znw¯n,
and
|z|2 = |z1|
2 + · · ·+ |zn|
2.
For any real vector α = (α1, · · · , αn), where each αj satisfies αj > −1, in
which case we write α > −1, we consider the measure on Dn given by
dvα(z) = cα
n∏
j=1
(1− |zj |
2)αjdν(zj),
cα =
∏n
j=1(αj+1), dν being the Lebesgue area measure on D, normalized so
that the measure of D is 1. Let H(Dn) denote the space of analytic functions
on Dn. For 0 < p < ∞, the (vector) weighted Bergman space Apα(Dn) is
the intersection Lp(Dn, dvα)∩H(D
n). The (unweighted) Bergman space Ap
corresponds to α = (0, · · · , 0). We will be writing
‖f‖p,α :=
(∫
Dn
|f(z)|pdvα(z)
) 1
p
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and
〈f, g〉α :=
∫
Dn
f(z)g(z)dvα(z).
The Bergman space A2α(D
n) is a reproducing kernel Hilbert space with its
kernel Kα given by
Kα(z, w) =
n∏
j=1
1
(1− zjw¯j)αj+2
.
That is for any f ∈ A2α(D
n), the following representation holds
(7) f(w) = Pαf(w) = 〈f,K
α
w〉α =
∫
Dn
f(z)Kα(w, z)dvα(z).
The positive Bergman projection P+α is defined by replacing K
α
w by |K
α
w| in
the definition of Pα. We remark that the boundedness of P
+
α implies the
boundedness of Pα.
For f ∈ L2(Dn, dvα), we can densely define on A
2
α(D
n) the Toeplitz oper-
ator Tf with symbol f as in (2).
Very recently bounded and invertible Toeplitz products TfTg on A
2(Dn)
have been characterized in [5]. We extend this characterization to Apα(Dn),
1 < p < ∞. More precisely, denoting kαw the normalized kernel in A
2
α(D
n),
we have the following generalization.
THEOREM 2.1. Let α > −1 = (−1,−1, · · · ,−1), 1 < p < ∞, pq = p + q,
and assume that f ∈ Apα(Dn) and g ∈ A
q
α(Dn). Then the following assertions
hold.
(i) If TfTg is bounded and invertible on A
p
α(Dn), then
(8) [f, g]p,α := sup
z∈Dn
‖fkαw‖p,α‖gk
α
w‖q,α <∞
and this is equivalent to
(9) η := inf
z∈Dn
|f(z)||g(z)| > 0.
(ii) If both (8) and (9) hold, then
[f ]p,α := sup
w∈Dn
‖fkαw‖p,α‖f
−1kαw‖q,α < η
−2[f, g]2p,α,
and TfTg is bounded and invertible on A
p
α(Dn). Moreover,
‖TfTg‖ ≤ Cη
−2n×max{p,q}[f, g]
1+2n×max{p,q}
2,α .
For the proof of the necessary part in Theorem 2.1, we will adapt the
proof of the necessary condition (6) for the boundedness of the Toeplitz
products in [6]. For the sufficient part, we define product Be´kolle´-Bonami
weights and use the corresponding estimate of the Bergman projection of
the polydisc.
In the next section, we provide some useful results needed later. Theorem
2.1 is proved in Section 3.
As usual, given two positive quantities A and B, the notation A . B
(resp. A & B) means that A ≤ CB (resp. B ≤ CA) for some absolute
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positive constant C. The notation A ⋍ B mean that A . B and B . A.
We will use C(p) to say that the constant C depends only on p.
3. Some useful tools
We give in this section some useful facts needed in our proofs.
3.1. Estimates and weighted estimates in one parameter. We recall
that the Carleson box associated to an interval I ⊂ T is defined by
(10) QI : {re
iθ : 1− |I| < r < 1, and eiθ ∈ I}.
The following is easy to check.
LEMMA 3.1. Let 1 < p <∞, −1 < α <∞. Then
‖kαw‖p,α ⋍ (1− |w|
2)
( 2+α
2
)( 2
p
−1)
, w = x+ iy ∈ D.
We have the following estimate (see for example [4]).
LEMMA 3.2. Let 1 < p < ∞, −1 < α < ∞. Then there is a constant
C > 0 such that for any f ∈ Apα(D),
(11) |f(z)|p ≤ C‖kαz ‖
−p
p,α‖fk
α
z ‖
p
p,α, z ∈ D.
Let ω be a positive function defined on D and α > −1. For 1 < p < ∞,
we say ω is a Be´kolle´-Bonami weight (or ω belongs to the class Bp,α(D) if
[ω]Bp,α := sup
I⊂T, I interval
(
1
|I|2+α
∫
QI
ω(z)dνα(z)
)(
1
|I|2+α
∫
QI
ω(z)1−qdνα(z)
)p−1
<∞,
pq = p+ q.
D. Be´kolle´ and A. Bonami proved in [2] and [3] that the Bergman pro-
jection Pα is bounded on L
p(D, ωdνα) if and only if the weight function ω
is in the class Bp,α(D). The following estimate of the weighted norm of the
Bergman projection is due to S. Pott and M. C. Reguera.
PROPOSITION 3.3 (Pott-Reguera [7]). Let 1 < p, q <∞, p = q(p−1) and
−1 < α <∞. Suppose that ω ∈ Bp,α(D). Then Pα and P
+
α are bounded on
Lp(ωdνα). Moreover, ‖P
+
α ‖Lp(ωdνα)→Lp(ωdνα) ≤ C(p)[ω]
max{1, q
p
}
Bp,α
.
Let us observe the following easy to prove fact (see for example [4]).
LEMMA 3.4. Let −1 < α < ∞. Assume that 1 < p < ∞ and put p =
q(p− 1). If f is analytic on D with
[f ]p,α := sup
w∈Dn
‖fkαw‖p,α‖f
−1kαw‖q,α <∞,
then ω = |f |p belongs to the class Bp,α(D). Moreover,
[ω]Bp,α(D) . [f ]
p
p,α.
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3.2. Multi-parameter estimates. Given α = (α1, · · · , αn) ∈ R
n and β =
(β1, · · · , βn) ∈ R
n, the notation α < β (resp. α = β) means that αj < βj
(resp. αj = βj), j = 1, · · · , n. The notation α > β is equivalent to β < α
and α ≤ β is equivalent to α < β or α = β. We also use the notations
0 = (0, · · · , 0), −1 = (−1, · · · ,−1), and ∞ = (∞, · · · ,∞).
Let us introduce the class Bp,α(D
n), 1 < p <∞, Rn ∋ α = (α1, · · · , αn) >
−1. We say a positive locally integrable function ω on Dn belongs to
Bp,α(D
n) if there is a constant C > 0 such that for any k ∈ {1, · · · , n},
(12)
sup
ξ=(ξ1,··· ,ξk−1,ξk+1,··· ,ξn)∈Dn−1
[ω(ξ1, · · · , ξk−1, ·, ξk+1, · · · , ξn)]Bp,αk (D) ≤ C.
We denote by [ω]Bp,α(Dn) the infinimum of the constants C in (12). Note
that the class Bp,α(D
n) is not empty; one easily checks that the weight
ω =
∏n
j=1 ωj where ωj ∈ Bp,αj(D) belongs to Bp,α(D
n).
From our definition of the multi-parameter Be´kolle´-Bonami classes and
Proposition 3.3 we easily deduce the following.
PROPOSITION 3.5. Let 1 < p, q < ∞, p = q(p − 1) and −1 < α =
(α1, · · · , αn) < ∞. Suppose that ω ∈ Bp,α(D
n). Then both Pα and P
+
α are
bounded on Lp(Dn, ωdνα(z)). Moreover,
‖P+α ‖Lp(Dn,ωdνα(z))→Lp(Dn,ωdνα(z)) ≤ C(p)[ω]
n×max{1, q
p
}
Bp,α(Dn)
.
Let us also observe the following.
LEMMA 3.6. Let −1 < α < ∞. Assume that 1 < p < ∞ and put p =
q(p− 1). If f is analytic on Dn with
[f ]p,α := sup
w∈Dn
‖fkαw‖p,α‖f
−1kαw‖q,α <∞,
then there is a constant C > 0 such that for any 1 ≤ k ≤ n, and any
w = (w1, · · · , wk−1, wk+1, · · · , wn−1) ∈ D
n−1,
sup
z∈D
‖fwk
αk
z ‖p,αk‖f
−1
w k
αk
z ‖q,αk ≤ C sup
ξ∈Dn
‖fkαξ ‖p,α‖f
−1kαξ ‖q,α,
where fw(z) = f(ζ1, · · · , ζn), ζj = wj for j 6= k and ζk = z.
Proof. We may suppose that k = 1. Let w = (w1, · · · , wn−1) ∈ D
n−1 be
given. For any z = x + iy ∈ D given, we put ζ = (z, w1, · · · , wn−1) and
α˜ = (α2, · · · , αn). Then using Lemma 3.1 and Lemma 3.2, we obtain
‖fwk
α1
z ‖
p
p,α1 =
∫
D
|f(ξ, w)|p|kα1z (ξ)|
p(1− |ξ|2)α1dν(ξ)
=
∫
D
|fξ(w)|
p|kα1z (ξ)|
p(1− |ξ|2)α1dν(ξ)
. ‖kα˜w‖
−p
p,α˜
∫
D
‖fξk
α˜
w‖
p
p,α˜|k
α1
z (ξ)|
p(1− |ξ|2)α1dν(ξ)
= ‖kα˜w‖
−p
p,α˜‖fk
α
ζ ‖
p
p,α.
In the same way, we obtain
‖f−1w k
α1
z ‖q,α1 . ‖k
α˜
w‖
−q
q,α˜‖f
−1kαζ ‖
q
q,α.
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Thus as ‖kα˜w‖
−p
p,α˜‖k
α˜
w‖
−q
q,α˜ ⋍ 1, we obtain for any k ∈ {1, 2, · · · , n},
‖fwk
αk
z ‖p,αk‖f
−1
w k
αk
z ‖q,αk . sup
ζ∈Dn
‖fkαζ ‖p,α‖f
−1kαζ ‖q,α.
The proof is complete. 
Putting together the definition of Be´kolle´-Bonami classes of the polydisc,
the above lemma and Lemma 3.4, we obtain the following.
LEMMA 3.7. Let −1 < α < ∞. Assume that 1 < p < ∞ and put p =
q(p− 1). If f is an analytic function on Dn such that
[f ]p,α := sup
w∈Dn
‖fkαw‖p,α‖f
−1kαw‖q,α <∞,
then the function ω = |f |p belongs to the class Bp,α(D
n). Moreover,
[ω]Bp,α(Dn) . [f ]
p
p,α.
4. Bounded and invertible Toeplitz products on the unit
Polydisc of Cn
Before proving Theorem 2.1, let us prove some useful results. We start
by the following lemma.
LEMMA 4.1. Let α > −1, 1 < p < ∞, qp = p + q, and let f ∈ Apα(Dn),
g ∈ Aqα(Dn). Then
(13) ‖f‖p,α‖g‖q,α . ‖TfTg‖.
Proof. Let f ∈ Apα(Dn) and g ∈ A
q
α(Dn). Consider on A
p
α(Dn) the operator
f ⊗ g defined by
(f ⊗ g)h = 〈h, g〉αf,
for h ∈ Apα(Dn). It is easily proved that f ⊗ g is bounded on A
p
α(Dn) with
norm equals to
(14) ‖f ⊗ g‖ = ‖f‖p,α‖g‖q,α.
Next recall that the Berezin transform of an operator S defined on A2α(D
n)
is given by
(15) Bα(S)(w) = 〈Sk
α
w, k
α
w〉α.
Observing that TfK
α
w = f(w)K
α
w, we easily obtain
(16) Bα(TfTg)(w) = f(w)g(w).
One also proves as in the one parameter case that
(17) Bα(f ⊗ g)(w) = 〈(f ⊗ g)k
α
w, k
α
w〉α =
n∏
j=1
(1− |wj|
2)αj+2f(w)g(w).
Note also that if (λ)α0,k is a sequence defined so that the Taylor expansion
of (1− x)2+α0 in a neighborhood of the origin is
(18) (1− x)2+α0 =
∞∑
k=0
λα0,kx
k,
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then for α0 > −1 the series in the right hand side of (18) is absolutely
convergent in the closed unit disc of the complex plane. Hence, if x =
(x1, · · · , xn) and λα,l = λα1,l1 · · ·λαn,ln we have
(19)
n∏
j=1
(1− xj)
2+αj =
∑
l∈Nn
λα,lx
l,
where xl = xl11 · · · x
ln
n and the series in (19) is absolutely convergent in the
closed unit polydisc.
It follows from (16) that for t = (t1, · · · , tn), the Berezin transform of the
product TztTfTgTzt is given by
Bα (TztTfTgTzt) (w) = Bα
(
TztfTgzt
)
(w)
= wtf(w)g(w)wt .
Thus using the expansion (19), equation (17) and the injectivity of the
Berezin transform, we obtain
(20) f ⊗ g =
∑
l∈Nn
λα,lTzlTfTgTzl =
∑
l∈Nn
λα,lTzl1
1
···zlnn
TfTgT
z
l1
1
···zlnn
.
It follows that if sα =
∑
l∈Nn |λα,l|, then as ||Tz|| = 1, we have
||f ||p,α||g||q,α = ||f ⊗ g|| ≤ sα||TfTg||
for f ∈ Apα(Dn) and g ∈ A
q
α(Dn). The proof is complete. 
We also need the following necessary condition for the boundedeness of
the Toeplitz product. It extends the one-parameter result in [6].
PROPOSITION 4.2. Let α > −1, 1 < p < ∞, qp = p + q, and let
f ∈ Apα(Dn), g ∈ A
q
α(Dn). If TfTg is bounded on A
p
α(Dn), then (8) holds.
Moreover,
(21) [f, g]p,α . ‖TfTg‖.
Proof. The proof is essentially the same as in the one-parameter in [6]. Let
us give it here for completeness. We start by recalling that for a ∈ D,
the transform z 7→ ϕa(z) =
a−z
1−az is an automorphism of the unit disc D
with inverse ϕ−1a = ϕa, and such that ϕa(0) = a and ϕa(a) = 0. Now for
a = (a1, · · · , an) ∈ D
n, the corresponding mapping in the unit polydisc Dn
is the transform z = (z1, · · · , zn) ∈ D
n 7→ ϕa(z) = (ϕa1(z1), · · · , ϕan(zn)).
This is an automorphism of Dn and its real Jacobian is
∏n
j=1 |ϕ
′
aj (zj)|
2 (see
[9]). It follows that as in the one-parameter case, the change of variables
w = ϕa(z) works in the polydisc and the following holds:
(22)
∫
Dn
f(ϕa(z))dvα(z) =
∫
Dn
f(z)|kαa (z)|
2dvα(z).
Let us consider the mapping Ua(h) = (h ◦ ϕa) k
α
a . It is easy to check that
Ua is an isometry of A
2
α(D
n). Also, Ua is unitary and commutes with the
Toeplitz operators in the following sense:
(23) UaTf = Tf◦ϕaUa, f ∈ A
2
α(D
n)
and consequently,
TgUa = UaTg◦ϕa
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(see [9]). As a consequence, one obtains that for any f1 ∈ A
p
α(Dn) and
g1 ∈ A
q
α(Dn),
(24) Tf1◦ϕaTg1◦ϕa = Ua (Tf1Tg1)Ua.
As said above, Ua is an isometry of A
2
α(D
n). Using (22), one checks that the
following operator also provides an isometry of Apα(Dn),
Upa (h) = (h ◦ ϕa) k
α
a
(
kαa
)2/p−1
.
The following operator was introduced in one-parameter case by J. Miao in
[6]:
V pa (h) = Pα (U
p
a (h)) = Pα
(
(h ◦ ϕa) k
α
a
(
kαa
)2/p−1)
.
Using the following identity which holds for any f2 ∈ A
p
α(Dn) and any g2 ∈
A
q
α(Dn),
(25) Tf2Pα(g2) = Pα(f2g2),
we obtain for any h ∈ Apα(Dn),
T
(kαa )
1−2/pV
p
a (h) = Pα
((
kαa
)1−2/p
(h ◦ ϕa) k
α
a
(
kαa
)2/p−1)
= (h ◦ ϕa) k
α
a .
That is
(26) T
(kαa )
1−2/pV
p
a (h) = Ua(h).
From (24), we have for any u ∈ Apα(Dn) and any v ∈ A
q
α(Dn),
(27) 〈Tf1◦ϕaTg1◦ϕau, v〉α = 〈Tg1 (Ua(u)) , Tf1 (Ua(v))〉α.
It follows from (27) and (26) that for any u ∈ Apα(Dn) and any v ∈ A
q
α(Dn),
(28) 〈Tf1◦ϕaTg1◦ϕau, v〉α = 〈Tg1T(kαa )
1−2/pV
p
a (u), Tf1T(kαa )
1−2/qV
q
a (v)〉α.
Let us take
f1 =
f
(kαa )
1−2/q
, g1 =
g
(kαa )
1−2/p
.
Clearly, f1 and g1 are holomorphic and consequently,
Tf1T(kαa )
1−2/q = T
f1(kαa )
1−2/q = Tf¯
and
Tg1T(kαa )
1−2/p = T
g1(kαa )
1−2/p = Tg¯.
It follows from the Ho¨lder’s inequality that
|〈Tf1◦ϕaTg1◦ϕau, v〉α| = |〈TfTgV
p
a (u), V
q
a (v)〉α|
≤ ‖TfTg‖‖V
p
a (u)‖p,α‖V
q
a (v)‖q,α
≤ ‖TfTg‖‖U
p
a (u)‖p,α‖U
q
a(v)‖q,α
= ‖TfTg‖‖u‖p,α‖v‖q,α
Thus using Lemma 4.1,
‖f1 ◦ ϕa‖p,α‖g1 ◦ ϕa‖q,α . ‖Tf1◦ϕaTg1◦ϕa‖ ≤ ‖TfTg‖.
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Next we observe that
f1 ◦ ϕa = (f ◦ ϕa)(k
α
a ◦ ϕa)
−1+ 2
q = (f ◦ ϕa)(k
α
a ◦ ϕa)
1− 2
p
and consequently using (22) that
‖f1 ◦ ϕa‖p,α = ‖fk
α
a ‖p,α.
In the same way, we obtain
‖g1 ◦ ϕa‖q,α = ‖gk
α
a ‖q,α.
We conclude that
‖fkαa ‖p,α‖gk
α
a ‖q,α . ‖TfTg‖.
The proof is complete. 
Let us now prove the following.
PROPOSITION 4.3. Let 1 < p, q < ∞, p = q(p − 1) and −1 < α < ∞.
Given f ∈ Apα(Dn) and g ∈ A
q
α(Dn), if the product TfTg is bounded and
invertible on Apα(Dn), then the two following conditions are equivalent.
(i)
(29) inf
w∈Dn
|f(w)||g(w)| > 0.
(ii)
(30) sup
w∈Dn
‖fkαw‖p,α‖gk
α
w‖q,α <∞.
Proof. We assume that TfTg is bounded and invertible on A
p
α(Dn), so that
its adjoint (TfTg)
∗ = TgTf is bounded and invertible on A
q
α(Dn). Let us
first observe that the following conditions obviously hold.
(31) M1 := sup
w∈Dn
‖kαw‖
−1
p,α‖TfTgk
α
w‖p,α <∞
and
(32) M2 := sup
w∈Dn
‖kαw‖
−1
q,α‖TgTfk
α
w‖q,α <∞.
Next, observing that given w ∈ Dn, TfTgk
α
w = g(w)fk
α
w, we obtain that
for any w ∈ Dn,
1 ≤ ‖kαw‖
−1
p,α‖ (TfTg)
−1
(
g(w)fkαw
)
‖p,α
≤ ‖kαw‖
−1
p,α‖ (TfTg)
−1 ‖|g(w)|‖fkαw‖p,α.
That is
(33) ‖kαw‖
−1
p,α|g(w)|‖fk
α
w‖p,α ≥
1
‖ (TfTg)
−1 ‖
We also have that
1 ≤ ‖kαw‖
−1
q,α‖
(
TgTf
)−1 (
f(w)gkαw
)
‖q,α
≤ ‖kαw‖
−1
q,α‖
(
TgTf
)−1
‖|f(w)|‖gkαw‖q,α.
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Which provides that
(34) ‖kαw‖
−1
q,α|f(w)|‖gk
α
w‖q,α ≥
1
‖
(
TgTf
)−1
‖
.
Combining (33) and (34), we see that there are two constants c1, c2 > 0 such
that for any w ∈ Dn,
(35)
c1
‖ (TfTg)
−1 ‖‖
(
TgTf
)−1
‖
≤ |f(w)||g(w)|‖gkαw‖q,α‖fk
α
w‖p,α ≤ c2M1M2.
Now suppose that
M = sup
w∈D
‖gkαw‖q,α‖fk
α
w‖p,α <∞.
Then from the left inequality in (35) we get that for any w ∈ Dn,
|f(w)||g(w)| ≥
c1
M‖ (TfTg)
−1 ‖‖
(
TgTf
)−1
‖
> 0.
Hence (29) holds.
Conversely, if η = infw∈Dn |f(w)||g(w)| > 0, then the right inequality in
(35) provides
‖gkαw‖q,α‖fk
α
w‖p,α ≤
c2M1M2
η
<∞
for any w ∈ D. That is (30) holds. The proof is complete. 
Proof of Theorem 2.1. Note that if TfTg is bounded on A
p
α(Dn), then (8)
holds by Proposition 4.2. Hence if TfTg is bounded and invertible on
A
p
α(Dn), (8) holds and by Proposition 4.3 this is equivalent to (9).
Now let us suppose that both (8) and (9) are satisfied. We first prove
that the weight ω = |f |p belongs to the class Bp,α(D
n). Let us observe for
this that as η = infz∈Dn |f(z)||g(z)| > 0, we have that for any z ∈ D
n,
|f(z)||g(z)| > η and consequence, that |g(z)| > η|f(z)|−1. It follows using
the analogue of the estimate (11) for the polydisc that for any w ∈ Dn,
[f ]p,α := ‖fk
α
w‖p,α‖f
−1kαw‖q,α = ‖fk
α
w‖p,α|f(w)||f(w)|
−1‖f−1kαw‖q,α
≤ η−2‖fkαw‖p,α|f(w)||g(w)|‖gk
α
w‖q,α|
. η−2 (‖fkαw‖p,α‖gk
α
w‖q,α)
2
≤ η−2[f, g]2p,α.
That is
sup
w∈Dn
‖fkαw‖p,α‖f
−1kαw‖q,α < η
−2[f, g]2p,α
and from Lemma 3.7, we have that this implies that ω = |f |p belongs to the
class Bp,α(D
n). Hence it follows from Proposition 3.5 that P+α is bounded
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on Lp(Dn, |f |pdνα). It follows using Lemma 3.2 that
|TfTgh(z)| = |f(z)| |Pα(gh)(z)|
≤ |f(z)|
∫
Dn
|g(w)||h(w)||Kα(z, w)|dνα(w)
= |f(z)|
∫
Dn
|g(w)||f(w)||f(w)|−1 |h(w)||Kα(z, w)|dνα(w)
. [f, g]p,α|f(z)|
∫
Dn
|f(w)|−1|h(w)||Kα(z, w)|dνα(w)
= [f, g]p,α|f(z)|P
+
α (|f |
−1|h|)(z).
Hence the boundedness of TfTg on A
p
α(H) follows from the boundedness of
P+α is bounded on L
p(Dn, |f |pdνα) with the right estimate. Thus
‖TfTg‖ ≤ C(p)[ω]
n×max{1, q
p
}
Bp,α(Dn)
[f, g]p,α ≤ C(p)[f, g]p,α[f ]
n×max{p,q}
p,α .
We conclude that
‖TfTg‖ ≤ Cη
−2n×max{p,q}[f, g]1+2n×max{p,q}p,α .
To prove that TfTg is invertible, we first observe with the right hand
inequality in (35) that there is a constant c1 > 0 such that for any w ∈ D
n,
c1 ≤ |f(w)||g(w)|‖fk
α
w‖p,α‖gk
α
w‖q,α ≤ |f(w)||g(w)|[f, g]p,α.
Hence that the function (f g¯)−1 is bounded on Dn. Thus the Toeplitz opera-
tor T(fg¯)−1 is bounded on A
p
α(Dn). Hence, denoting I the identity operator,
it follows that
TfTgT(fg¯)−1 = I = T(fg¯)−1TfTg.
The proof is complete. 
We have the following particular case of Theorem 2.1.
COROLLARY 4.4. Let α > −1 = (−1,−1, · · · ,−1), 1 < p <∞, pq = p+q,
and assume that f ∈ Apα(Dn) and
1
f ∈ A
q
α(Dn). Then TfTg is bounded and
invertible on Apα(Dn) if and only if
[f ]p,α := sup
w∈Dn
‖fkαw‖p,α‖f
−1kαw‖q,α <∞.
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